We show that shooting methods for homoclinic or heteroclinic orbits in dynamical systems may automatically guarantee the topological transversality of the stable and unstable manifolds. The interest of such results is twofold. First, these orbits persist under perturbations which destroy the structure allowing the shooting method and, second, topological transversality is often sufficient when some kind of transversality is required to obtain chaotic dynamics. We shall focus on heteroclinic solutions in the extended Fisher-Kolmogorov equation.
Introduction
Shooting methods are quite efficient to study numerically homoclinic and heteroclinic solutions of ordinary differential equations (ODEs) (see, for example, [8] ). Often, some kind of transversality of the stable and unstable manifolds is required to prove that a homoclinic or heteroclinic orbit leads to chaotic behaviour. However, as observed by Mischaikov and Mrozek [25] , estimates on the derivative along the solution are needed to establish transversality and they may demand a considerable amount of computing resources. Mischaikov and Mrozek introduce in [24] [25] [26] a topological condition that is weaker than transversality and more amenable to computation. Their theory is based on the Conley index and is applied to the Lorenz equation. The use of the Conley index to study chaotic dynamics was thoroughly investigated in the work by Easton [15] and in the three papers by Churchill and Rod [10] [11] [12] .
Alternatively, for some special ODEs, a shooting method has been developed that not only proves the existence of a connecting orbit, but also gives an infinite family of chaotic solutions. A precise and complete description of the dynamics of those ODEs is possible in this way, and many physically relevant equations have been successfully investigated (see, for example, [3, 5, 9, 19, [29] [30] [31] 33] ).
For Hamiltonian and Lagrangian systems, the calculus of variations has been the main ingredient of a third approach, which has raised a lot of interest in recent years (see, for example, [1, 2, 13, 32] ). Here again, a first connecting orbit is found and a much weaker assumption than transversality has been proved to be sufficient in many cases for the system to be chaotic. Some results are available for partial differential equations (PDEs) [13] .
Thanks to collaboration with A. R. Champneys, J. F. Toland and E. Sere on the following fourth-order equation occurring in water-wave theory: the author got acquainted with the shooting method and the variational approach [4] [5] [6] [7] . The aim of this paper is to show that shooting methods ensure a weak form of transversality, called here 'topological transversality', which is defined in the appendix. In § 2, we relax the classical transversality condition in the Smale-Birkhoff theorem for discrete dynamical systems and, in § 3, in the theory of Devaney for autonomous fourth-order Hamiltonian systems with a saddle-focus equilibrium. In both cases, we show that a topological transversality assumption is sufficient to ensure the dynamics to be chaotic, without requiring the analyticity of the dynamical system. Although we only deal with homoclinic orbits, our results extend to closed paths of heteroclinic orbits without additional difficulties. The statements can be considered as special cases of those of Easton [15] , but the proofs are closely related to the technique of Palmer presented in [27] and to the variational construction of multibump homoclinic solutions (see, for example, [4, 32] ).
Instead of equation (1.1), we shall focus in § § 4-6 on the extended Fisher-Kolmogorov equation 
which has been analysed by shooting methods by Peletier and Troy [29] [30] [31] and by variational methods by Kalies et al. [22, 23] . In contrast with (1.1), where homoclinic solutions to 0 describe travelling waves, the objects of consideration in (EFK) are heteroclinic solutions (also called kinks) connecting the equilibria u = -1 and u = 1. Heteroclinic orbits being easier to deal with in the present context, this is why (EFK), rather than equation (1.1), is chosen as an example to illustrate the ideas of this paper. The existence of a kink for (EFK) has been established in [29, 30] . In § 5, we show the existence of a kink for (EFK) when 0 < 7 < | , that is, the topologically transverse intersection of the stable and unstable manifolds. The techniques used stem from the work of Hofer and Toland [21] and they are reminiscent of the index for monotonic Hamiltonian systems devised by Toland in [34] . Since the completion of this work, Van den Berg has proved uniqueness and transversality [35] .
In § 6, which can be read independently of § 5, we consider (EFK) in the case 7 > I and deduce the known fact [22, 23, 31] that the extended Fisher-Kolmogorov equation is chaotic for this range of values of the parameter 7. The proofs can be adapted to equation (1.1) and partly to higher-dimensional problems of the kind introduced in [21] .
The Smale-Birkhoff homoclinic theorem
This theorem reads as follows (version taken from [17] Note that N can be a very complicated set. This result yields a rich family of homoclinic and periodic orbits, as well as an uncountable set of wild orbits. In particular, there exists a compact invariant set on which / has positive topological entropy [17, defintion 5.8.3] . This theorem does not ensure any uniqueness result. For example, there may be many homoclinic orbits corresponding to a given sequence ( m i , . . . , Proof. For rh sufficiently large and each m ^ rh, the A lemma [28] gives an embed- First suppose that k = 21 for some positive integer I. Homoclinic orbits corresponding to ( m i , . . . , rrik) are given by the points in the intersection of
For m large, these sets are admissible for intersection theory and a homotopy gives that their intersection number is equal to
Periodic orbits are obtained in the same way by considering the intersection of
where cr^ is the permutation
Second suppose that k = 21 + 1 for some non-negative integer I. Homoclinic orbits corresponding to ( m i , . . . , m^) are given by the points in the intersection of
Periodic orbits are obtained by considering the intersection of
and
where Zi := {(q, q) : q € R n } is the diagonal in (R") 2 . The final assertion of the theorem is proved by taking limits of homoclinic orbits, as follows. Consider a bi-infmite sequence (rrii,i G Z) C {m G N : TTI ^ m}. 
Devaney's theorem
We consider the Hamiltonian system
where J is the standard symplectic matrix and 77 £ C 5 (M 4 ;M). We suppose that 77(0) = 0, V77(0) = 0 and 0 G K 4 is a saddle-focus, i.e. the spectrum of JH"(0) consists of ±A±iw for some positive A and w. The following result is due to Devaney [14] . Again, our aim is to weaken the transversality assumption. It is known that the analyticity of 77 is not necessary [36] and we shall only require 77 to be of class C 
Moreover, for each bi-infinite sequence (rrii,i G Z) C N, there exists a sequence (qt,i e Z ) c F such that relation (3.2) holds for all i G Z.
Finally, for each of these three families, all orbits are distinct.
Proof. For To sufficiently large, the A lemma for continuous dynamical systems [28,
As in the previous section, the map A is obtained by introducing two 
f c + 1 . These sets are admissible for intersection theory and a homotopy gives that their intersection number is equal to the one of
For k odd, for periodic orbits and for other wild orbits, the method is the same; see the preceding section.
•
The EFK equation
The extended Fisher-Kolmogorov equation (EFK) is given by
where 7 > 0 is a parameter. Setting
and it may be written as the Lagrangian system
with q = (u,u"). This Lagrangian system belongs to the family studied in [21] . Its corresponding Hamiltonian is Equation (EFK) admits three equilibria: u = -1, u = 0 and u = 1. We shall be interested in heteroclinic connections (also called kinks) between -1 and 1. For such solutions, the Hamiltonian takes the value 0 and hence HQ := {z G K 4 : H(z) = 0} will play a particular role, as well as Vb := {q G M 2 : V{q) = 0}. The extended Fisher-Kolmogorov equation enjoys many symmetries. If (q(t),
q'(t)) is an orbit, then so are (q(-t), -q'(-t)), (-q(t), -q'(t)) and (-q(-t), q'{-t)).
These symmetries are sometimes used in a essential way and sometimes only to keep at a low level the amount of notations or to shorten an argument. For example, the stable and unstable manifolds of the equilibrium u = -1 and those of the equilibrium u = 1 are related by the previous symmetries, which allows us to halve the amount of notations.
For any orbit (q,q r ) lying in H o , i.e. \(Tq',q') + V(q) = 0, the sign of (Tq',q'} changes only when q crosses the set VQ. Hence the vector q' stays in one of the following open cones, as long as q remains away from Vb:
More precisely, if V{q) > 0, then q' stays in KQ U K 2 , and if V{q) < 0, then q' stays in K\ U K 3 . As a consequence, the path q(t) of an orbit (q(t),q'(t)) in H o is monotonic as long as q does not meet VQ-This remark, due in a more general setting to Hofer and Toland [21] , is the basic ingredient of their shooting method. Note that the slope of dK 0 (1 dK x is 1/(27) a n d that dK 0 n dK 3 is vertical. The following lemma describes the set Vb. 
In the following lemma, <j>(t, q, v) G M 2 denotes the solution of (EFK') satisfying <j)(0,q,v) -q and cf>'(O,q,v) -v (derivative with respect to time). Note that the maximal time interval where <p(t,v,q)
is defined is not necessarily all R. The aim of this lemma is to describe qualitatively the part of the local unstable manifold W[Q C (-1) that is 'over' C in terms of the variables (q,v) and the monotonicity property of paths. More precisely, for e > 0 small enough, we set Intuitively, A is the part of Wj" c (-1) from which we shall shoot at the local stable manifold W? oc (l). 
Restricting M and SM to an appropriate closed subset of Y, the restrictions are compact smooth orientable manifolds with boundary that are embedded in Y and admissible for intersection theory. Their orientations are given by the images by the flow of orientations on A and SA. Their intersection number, denoted by I(M,SM)
, is equal to ± 1 . REMARK 5.3. The symmetry S has only been introduced for the sake of simplicity.
Proof. Proof. The sets M and 5M still intersect each other in Y for 7 > | near | thanks to the topological transversality of the intersection for 7 = | . Thus (EFK) admits a kink from u = -1 to u = 1 and the reversibility of (EFK) gives another one from M = l t o u = -1 . Using the fact that u = -1 and u = 1 are saddle-foci for 7 > | , and arguing as in § 3, we can prove that (EFK) is chaotic.
• This last corollary is of the same flavour of a similar result known for the waterwave equation (1.1) (see [9] ) and is a contribution to the understanding of the chaotic dynamics of (EFK) (see [22, 23, 31] ).
6. The case 7 > | Throughout this section, we assume that 7 > | . An infinite family of kinks is found in [30] by a shooting method, starting from the invariant set 5o := {(q,v) £ R 4 : q = 0} of the symmetry S(q, v) = (-q, v). There are two difficulties when trying to prove some kind of transversality. First, the stable and unstable manifolds do not play an explicit role in the shooting method and, second, the kinks are no more monotonic. To cope with these difficulties, we shall use the analyticity of (EFK) and rely on the Hopf degree theorem. More specifically, we shall need the following result. By the Hopf degree theorem [16, 18] , there exists a map g G C 1 (B e ,K m ) which never takes the value 0, which is as close as necessary to g in C(B c ,M m ) and which is equal to g outside an open set that is as small as necessary.
Define / :
Following [30] , for a 7^ 0, we denote by u(.,a) the solution of (EFK) such that
a).
Inspecting [30] , we obtain the following result, which is based on a shooting method. Let Wj. We now prove the following theorem. •
The next task is to deduce the topological transversality of W u (-1) and W s (l) in Y. We shall shoot directly from Vl^" c (-1) and use the following proposition that is proved in the same way as theorems 6.2 and 6.3. We shall also need the following lemma. • This gives a new proof that the extended Fisher-Kolmogorov equation is chaotic for all values of 7 > | (see [22, 23, 31] ).
Travelling kinks
A more general form of the EFK equation reads as follows (see, for example, [29] (we denote the independent variable by t instead of x). When a = c = 0, equation (7.1) is simply the EFK equation introduced in §4. Our aim is to show that topologically transverse kinks when a -c = 0 persist for c^O small. Proof. Note that
is an invariant for c = 0 and a Lyapunov function for c 7^ 0; indeed,
has the same sign as c for all t and any solution u £ C 4 (M). Let Z be the three- As a consequence, for \a\ < a 0 , the sets
are two compact pieces of two-dimensional manifolds. Let us show that, for a = 0, they are admissible for intersection theory and J(JV u (0),iV s (0)) / 0 in Z x R. We can assume that
for all \c\ < Co and \a\ < ao. By equation ( We now embed each of (0 x /)(iV u (0)) and (0 x 7)(iV s (0)) in a continuous family of 2-manifolds in R 4 in such a way to obtain an admissible homotopy, which we An introduction to intersection theory is provided by [18] and [20, ch. 5] . There, the manifolds X, Y, Z are smooth, X is a compact and boundaryless manifold, and the maps can be supposed to be continuous only (see, for example, [20] ). By a theorem of Whitney (see, for example, [20, ch. 2, theorem 2.14]), any C 1 manifold of dimension m can be C 1 embedded in K 2m+1 as a closed C°° submanifold. This allows one to deal with C 1 manifolds. Finally, the theory extends to compact pieces of manifolds because, by our definition of admissible maps, boundaries are not involved in intersections.
